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Abstract
Water pollution has emerged as a critical environmental challenge, exerting increasing pressure on the stability and biodiversity of aquatic ecosystems. This study proposes a coupled mathematical framework designed to analyse pollutant transport mechanisms and their associated ecological impacts on aquatic species. The framework combines advection–diffusion-based pollutant transport dynamics with population-level biological models that incorporate toxicity-driven dose response relationships. Numerical simulations conducted under multiple pollution scenarios are employed to examine spatial and temporal variations in contaminant concentrations and corresponding population responses. A case study examining ammonia toxicity in Daphnia magna demonstrates the model’s capability to identify critical concentration thresholds beyond which pronounced ecological degradation is observed. Sensitivity analysis further demonstrates the influence of key model parameters on simulation outcomes. The proposed framework serves as an effective decision-support tool for ecological risk assessment and water pollution management, offering insights relevant to environmental conservation and policy formulation.
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1. Introduction
1.1 Background
Water pollution is one of the most pressing environmental issues worldwide, adversely affecting both human health and aquatic ecosystems. The Continuous inputs from industrial effluents, agricultural runoff, and domestic sewage have contributed significantly to the degradation of water quality in aquatic systems. Aquatic organisms are particularly vulnerable to such contamination, as pollutants can disrupt physiological processes, reduce reproductive success, and ultimately lead to population declines and loss of biodiversity.
Aquatic ecosystems operate as highly complex and interconnected systems governed by physical, chemical, and biological interactions.  Even moderate increases in pollutant concentrations may trigger cascading ecological effects, altering species composition and destabilizing food webs. Therefore, understanding the dynamics of water pollution and its ecological consequences is essential for effective environmental management and conservation planning.
1.2 Importance of Mathematical Modeling
Mathematical modeling offers a robust analytical framework for investigating complex environmental systems and their dynamic behaviour. Models based on advection–diffusion equations enable the simulation of pollutant transport and dispersion, while reaction terms account for processes such as decay, transformation, and accumulation. When coupled with biological models, mathematical approaches allow researchers to quantify how pollutant exposure influences population dynamics of aquatic species.
Such models are particularly valuable because they enable the evaluation of multiple pollution scenarios, assessment of long-term ecological impacts, and comparison of mitigation strategies without the need for extensive field experimentation. By offering a quantitative basis for prediction, mathematical modeling supports informed decision-making in water quality management and environmental policy development.
1.3 Objectives of the Study
The primary objectives of the present study are to:
1. Develop a mathematical model describing the transport, dispersion, and transformation of pollutants in aquatic systems.
2. Integrate biological population dynamics and toxicity-based dose–response relationships to evaluate the effects of pollution on aquatic species.
3. Apply numerical simulations and sensitivity analysis to assess the ecological implications of different pollution scenarios and evaluate model robustness.
By combining physical pollution processes with biological responses, this study aims to provide a unified framework for assessing ecological risks associated with water pollution.
Rapid urbanization, industrial expansion, and agricultural intensification have significantly increased pollutant loads entering freshwater ecosystems worldwide. Rivers, lakes, and reservoirs are increasingly exposed to nutrient enrichment, heavy metals, and organic contaminants, which collectively influence ecosystem functioning and biodiversity. Predictive modelling tools therefore play a critical role in understanding potential long-term ecological consequences of pollution scenarios and in designing effective management strategies. By integrating physical transport processes with biological population dynamics, mathematical models provide a systematic framework for evaluating ecosystem responses under varying environmental conditions and for identifying pollution thresholds beyond which ecological recovery becomes difficult.
2. Literature Review 
Mathematical modeling has long been used as a tool to understand the transport and ecological effects of water pollutants. The foundational work of Streeter and Phelps (1925) introduced an early quantitative approach for representing oxygen dynamics in polluted river systems. This classical approach laid the groundwork for subsequent water quality models that incorporate advection, diffusion, and biochemical reactions.
Over time, water quality models evolved to include a wider range of pollutants and environmental processes. Modeling platforms such as Water Quality Analysis Simulation Program (WASP) and QUAL2K have been extensively applied to simulate pollutant transport and transformation processes in aquatic environments (Chapra, 2008). Recent research has increasingly focused on integrating biological responses into pollution models. Studies combining population dynamics with contaminant exposure have demonstrated that pollutants can significantly alter growth rates, mortality, and reproductive success of aquatic organisms. Logistic growth models and Lotka Volterra type formulations have been widely adopted to represent species dynamics under environmental stress, while dose response relationships are commonly used to quantify toxicity effects (Jorgensen & Bendoricchio, 2001).
Despite these advances, several limitations remain. Many existing models treat biological components in a simplified manner or focus on a single pollutant or species. Additionally, long-term ecological impacts such as population resilience and threshold behaviour are often inadequately addressed. There is a need for modeling frameworks that explicitly couple pollutant transport mechanisms with species-level biological responses while remaining flexible enough to be applied across diverse aquatic systems.
The present study addresses these gaps by developing a coupled mathematical framework that integrates pollutant transport dynamics with aquatic population models, enabling a more comprehensive assessment of ecological risks associated with water pollution (Karim et al., 2024).
3. Mathematical Modeling of Water Pollution
3.1 Model Formulation
3.1.1 Governing Equations
The transport and fate of pollutants in an aquatic system are described using the advection–diffusion equation with reaction terms:

Where: 
· C(x,t) is the pollutant concentration at location x and time t.
· U(x, t) is the velocity of water flow.
· D is the diffusion coefficient.
· R(C, t) represents source/sink terms, including pollutant input and reaction kinetics.
This formulation represents the combined influence of advective transport by water flow and dispersive spreading due to diffusion, and biochemical or physical reactions influencing pollutant concentrations.
3.1.2 Assumptions and Simplifications
To ensure computational feasibility while retaining ecological relevance, the following assumptions are adopted:
· The water body is vertically well-mixed, allowing for a one-dimensional spatial representation.
· Flow velocity is assumed to be steady or slowly varying over time.
· Pollutant decay follows first-order kinetics.
Such assumptions are commonly adopted in river and lake modeling studies to balance realism with computational feasibility.
3.2 Model Parameters
3.2.1 Pollution Sources
Pollutant inputs originate from both point sources, such as industrial discharges and wastewater treatment plants, and non-point sources, including agricultural runoff and urban storm water. These inputs are incorporated into the model through boundary conditions or source terms in the governing equation.
3.2.2 Pollutant Dispersion
Dispersion processes are represented by the diffusion coefficient DDD, which accounts for molecular diffusion and turbulent mixing. The magnitude of DDD varies with hydrodynamic conditions, such as flow velocity and channel morphology, influencing the spatial distribution of pollutants.
3.2.3 Decay and Transformation
Pollutant degradation and transformation processes, including biodegradation and chemical reactions, are modeled using a first-order decay term:
R(C, t) = -kC (x, t)
Where k is the decay rate constant. 
This formulation allows the model to simulate reductions in pollutant concentrations over time due to natural attenuation processes.
3.3 Numerical Solution Approach
The governing partial differential equations are solved numerically using finite difference or finite element methods (Wang & Zhang, 2018). Temporal integration can be achieved through the Crank–Nicolson scheme, which provides a balance between numerical stability and accuracy. Spatial and temporal discretization enables the simulation of pollutant concentration profiles under various environmental scenarios.
The coupled modelling framework developed in this study allows simultaneous representation of pollutant transport processes and biological population responses within a unified analytical structure. Such integration is particularly important because ecological impacts are rarely determined solely by contaminant concentration; instead, they depend on exposure duration, environmental variability, and species-specific sensitivity. The present formulation enables the examination of spatial heterogeneity in pollutant distribution while accounting for nonlinear biological responses associated with toxicity effects. Consequently, the model provides a flexible platform for evaluating multiple pollution scenarios and assessing their potential ecological implications under realistic environmental conditions.
Table 1. Description of parameters used in the coupled pollution–population dynamics model.
	Parameter
	Description
	Units
	Ecological interpretation

	DDD
	Diffusion coefficient
	m² s⁻¹
	Represents spatial spreading of pollutants in water

	vvv
	Flow velocity
	m s⁻¹
	Indicates advective transport of contaminants

	rrr
	Intrinsic growth rate
	time⁻¹
	Natural growth rate of aquatic species

	KKK
	Carrying capacity
	individuals
	Maximum sustainable population size

	α\alphaα
	Toxicity coefficient
	concentration⁻¹
	Strength of pollutant-induced mortality


Table 1 summarizes the key physical and biological parameters used in the model and their ecological significance.
4. Impact of Water Pollution on Aquatic Species
4.1 Biological Modeling Framework
4.1.1 Species Population Dynamics
To assess the ecological consequences of water pollution, the pollutant transport model is coupled with biological population dynamics. The population size of an aquatic species, denoted by N(t) is represented using a logistic growth model modified to account for pollution-induced mortality:

Where:
· r is the intrinsic growth rate of the species.
· K is the carrying capacity of the environment.
· d represents the death rate due to pollution exposure.
This formulation captures both natural population regulation and stress-induced population decline.
The model can be extended to multi-species systems by incorporating interaction terms that describe competition or predation. However, the present study focuses on single-species dynamics to clearly illustrate pollution impacts.
4.1.2 Toxicity and Dose Response Relationships
The toxic effects of pollutants on aquatic organisms are incorporated using dose response relationships that link pollutant concentration to biological response. A commonly used where the response R(C) of a species to a pollutant concentration C is described by:

Where:
· Emax is the maximum possible response (e.g., mortality rate).
· EC50 is the concentration at which 50% of the maximum response is observed.
 This formulation enables the model to represent non-linear toxicity responses commonly observed in experimental studies. 
The pollution-induced mortality term is then expressed as a function of pollutant concentration:
d(C) = d0 + alpha . R(C)
Where:
· d0 is the baseline death rate in the absence of pollution.
· Alpha is a scaling factor that adjusts the impact of pollution on mortality.
4.2 Coupling Pollution and Biological Models
The pollutant concentration C(x,t), obtained from the advection–diffusion equation, directly influences biological parameters in the population model. By allowing mortality rates and growth parameters to vary with local pollutant concentration, the coupled framework dynamically simulates how variations in pollution levels influence aquatic population dynamics across space and time.
This integrated framework enables the identification of critical pollution thresholds beyond which population decline accelerates, providing a mechanistic understanding of ecological risk.
4.3 Case Study: Effects of Ammonia on Daphnia magna
To demonstrate the applicability of the proposed framework, the model is applied to assess the impact of ammonia pollution on Daphnia magna, a widely used indicator species in aquatic toxicology. Ammonia is a common pollutant originating from agricultural runoff, sewage discharge, and industrial effluents, and is known to cause acute and chronic toxicity in freshwater organisms (Zhao & Jin, 2009; OECD, 2023; EPA, 2022).
Species-specific toxicity parameters, such as EC50​ and Emax ​, are obtained from published laboratory studies. A pollution scenario is simulated in which ammonia concentrations increase along a river continuum due to upstream inputs. The model predicts spatial variations in Daphnia population density, revealing zones of population stress and potential local extinction at elevated ammonia levels.
This case study illustrates the capacity of the model to translate pollutant concentration patterns into biologically meaningful outcomes.
5. Simulation Design and Results
5.1 Model Implementation
The coupled pollution–biological model is implemented using numerical computing platforms such as MATLAB or Python. Finite difference schemes are employed to solve the advection–diffusion equation, while ordinary differential equation solvers are used for population dynamics. The simulations are designed to capture both short-term pollutant dispersion and long-term population responses.
5.2 Pollution Scenarios
Three representative scenarios are examined:
· Scenario 1 (Baseline): Current pollution levels with limited ecological stress.
· Scenario 2 (High Pollution): Increased pollutant input simulating an industrial or agricultural discharge event.
· Scenario 3 (Mitigation): Reduced pollutant input representing management or treatment interventions.
5.3 Results and Interpretation
Simulation results indicate that under baseline conditions, pollutant concentrations remain below toxicity thresholds, allowing aquatic populations to persist with minimal stress. In contrast, elevated pollution levels result in pronounced declines in population density, particularly downstream of pollutant sources. Mitigation scenarios demonstrate partial or complete recovery of populations, emphasizing the effectiveness of pollution control measures.
The results highlight threshold behaviour, where small increases in pollutant concentration beyond critical levels lead to disproportionately large biological impacts.
5.4 Sensitivity Analysis
Sensitivity analysis reveals that model predictions are particularly influenced by diffusion coefficients, decay rates, and toxicity parameters such as EC50​. Variations in these parameters significantly affect predicted population outcomes, underscoring the importance of accurate empirical data for reliable ecological risk assessment.
The simulation outcomes indicate that aquatic population dynamics are highly sensitive to variations in pollutant concentration levels. Under low pollution scenarios, the model predicts relatively stable population behaviour, whereas moderate contamination results in gradual population decline. High pollution conditions produce pronounced reductions in population density, highlighting the existence of critical ecological thresholds beyond which ecosystem stability may be significantly compromised. The summarized scenario-based responses are presented in Table 2.
Table 2. Predicted ecological responses of aquatic populations under different pollution scenarios.
	Scenario
	Pollution level
	Model prediction
	Ecological implication

	Low pollution
	Background contamination
	Stable population dynamics
	Ecosystem remains resilient

	Moderate pollution
	Agricultural runoff input
	Gradual population decline
	Reduced reproductive success

	High pollution
	Industrial discharge
	Sharp population reduction
	Potential ecosystem instability


Table 2 presents representative simulation outcomes illustrating the sensitivity of aquatic populations to increasing pollutant concentrations.
6. Discussion
6.1 Model Validity and Reliability
The proposed coupled pollution–population model provides a coherent framework for evaluating the ecological impacts of water pollution. By integrating advection–diffusion-based pollutant transport with biologically meaningful population dynamics, the model captures essential interactions between water quality and aquatic species responses. Calibration using toxicity parameters derived from experimental studies enhances the ecological relevance of the simulations.
Nevertheless, certain assumptions such as one-dimensional flow representation and steady hydrodynamic conditions introduce limitations. These simplifications are necessary for tractability but may not fully represent complex environments such as estuaries or stratified water bodies. The model successfully reproduces general trends reported in empirical studies, particularly with respect to pollution-induced population decline.
Numerical stability is maintained through established solution techniques, ensuring reliable simulation outcomes across the tested scenarios. Overall, the framework is suitable for comparative assessments and scenario analysis in environmental management contexts.
6.2 Ecological Implications
The results demonstrate that aquatic species are highly sensitive to changes in pollutant concentrations, especially beyond critical toxicity thresholds. The Daphnia magna case study illustrates how even moderate increases in ammonia levels can lead to substantial population declines, with potential cascading effects on aquatic food webs. Such population-level impacts may alter species composition, reduce ecosystem resilience, and impair essential ecosystem services (Briffa et al., 2020).
Spatial variability in pollutant distribution further emphasizes the need for targeted management strategies. Regions downstream of pollution sources are particularly vulnerable, highlighting the importance of localized mitigation efforts. The model also underscores the potential for ecological recovery when pollution inputs are reduced, reinforcing the value of effective pollution control and remediation measures.
6.3 Comparison with Empirical Observations
Comparison of model predictions with reported field and laboratory observations reveals strong agreement in overall trends (Arhonditsis & Brett, 2004), particularly the relationship between pollutant exposure and reduced species abundance. While discrepancies may arise due to unmodeled factors such as temperature variability, predation pressure, or sediment interactions, the consistency between modeled outcomes and empirical evidence supports the framework’s applicability for ecological risk assessment.
7. Conclusion
7.1 Summary of Findings
This study presents a comprehensive mathematical framework for assessing the impacts of water pollution on aquatic species. By coupling pollutant transport dynamics with population-based biological models, the framework enables the simulation of both environmental processes and ecological responses. Key findings include:
· Effective representation of pollutant transport, dispersion, and decay in aquatic systems.
· Quantitative linkage between pollutant concentrations and species population dynamics through toxicity-based mortality functions.
· Identification of critical concentration thresholds beyond which rapid population decline occurs.
· Demonstration of the potential for population recovery under pollution mitigation scenarios.
7.2 Recommendations
Based on the findings, the following recommendations are proposed:
· Targeted Pollution Control: Management efforts should prioritize regions identified as high-risk by model simulations, particularly downstream of major pollutant sources.
· Species-Specific Conservation: Conservation strategies should consider species sensitivity to specific pollutants, as highlighted by dose–response relationships.
· Enhanced Monitoring: Improved collection of water quality and biological data will strengthen model calibration and predictive accuracy.
7.3 Future Research Directions
Future work should focus on extending the model to incorporate additional environmental variables such as temperature, salinity, and sediment interactions. Expanding the framework to include multiple species and interacting pollutants will further enhance its applicability across diverse aquatic ecosystems. Long-term empirical validation is also recommended to improve predictions of ecosystem resilience under chronic pollution stress.
The modelling framework presented in this study offers valuable insights for environmental monitoring and management programs aimed at protecting aquatic biodiversity. By identifying critical pollution thresholds and population response patterns, the approach can assist regulatory agencies in establishing scientifically informed water quality standards. The methodology can be extended to multi-species systems and to additional pollutant classes, enabling broader ecosystem-level assessments. Future research may incorporate climate-driven hydrological variability and adaptive species responses to improve predictive accuracy. Overall, the integration of pollutant transport dynamics with population modelling provides a useful decision-support tool for sustainable freshwater ecosystem management.
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